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Hydrodynamic Theory of Electron Transport
in a Strong Magnetic Field
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The mode coupling contribution to the transverse transport coefficients of a
three-dimensional one-component plasma in a strong external magnetic field is
calculated. For very strong fields it is found that the tagged particle diffusion
rate, the thermal diffusion rate, and the coefficient of viscosity in the plane
orthogonal to the field have a Bohm-like ~B~! behavior. The mode coupling
mechanism responsible for such an effect is always one that involves the finite-
frequency upper hybrid modes.

KEY WORDS: Electron gas; mode coupling theory; transport; magnetic
field.

1. INTRODUCTION

In this paper the dependence of the transport coefficients of a classical one-
component plasma on the strength of an applied uniform magnetic field B
is studied. Particular attention is given to the regime of strong magnetic
field, where the cyclotron frequency of the carriers exceeds the rate of
collisions. In this limit the contribution of hydrodynamic fluctuations to
the Green—Kubo time correlation function expressions for the transport
coefficients is evaluated by using a mode coupling theory. We find that a
coupling mechanism that was neglected by previous authors is responsible
for an enhancement of the transverse coefficients of self-diffusion, heat con-
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ductivity, and shear viscosity in three dimensions. The magnetic field
dependence of our results is general. The coefficients of these contributions
are, however, evaluated only for small plasma parameter. The main results
of this work have been given elsewhere.!)

There is considerable experimental and theoretical interest in the
transport properties of fluids with charged carriers in a magnetic field.
From a theoretical point of view®® the understanding of such processes is
incomplete, even in the simplest case of a fluid with only one species of
carrier. The classical kinetic theory, based on the Balescu-Guernsey—
Lenard (BGL) equation, predicts that in the strong-field regime the trans-
port coefficients in the direction parailel to the field are unaflected, while
those describing transport in the plane orthogonal to the field decrease as
B~ (see, e.g., Refs. 10 and 11). These predictions are in disagreement with
both laboratory*'*) and computer experiments“>® in a variety of
systems. The transverse transpot rates are usually observed to be much
larger than those predicted by the BGL equation and to behave as B!
rather than B~ 7 for strong fields. In plasmas the B~! strong-ficld behavior
of the diffusion coefficients is known as Bohm diffusion (see, e.g., Ref. 14).

The BGL equation only contains the effect of uncorrelated effective
two-body collisions and describes the decay of spontanecus thermal fluc-
tuations whose lifetime is small compared to the mean free time between
collisions. Due to more complex dynamically correlated collision sequences
the fluid can also sustain long-wavelength collective fluctuations or
hydrodynamic modes that are long-lived on the kinetic time scale. The
importance of the long-lived hydrodynamic fluctuations in determining the
transport properties was first recognized for the case of neutral fluids,
where they were shown to be responsible for the increase of the transport
coefficients near the critical point"®’ and for the long-time algebraic decay
of the time correlation functions determining the transport coefficients (for
areview see Ref. 16). The relevance of the same physical mechanism to the
transport properties of charged fluids has also been recognized before,*®
but its consequences have not yet been fully exploited. When an external
magnetic field is applied, the particles are forced to gyrate in Larmor orbits
around the field lines. For strong fields the mean free path of the carriers in
the plane orthogonal to the field is effectively reduced to a value of the
order of the Larmor radius rp, with rp=(kzT/m)*?wy', where
wgz=e|B|/mc is the cyclotron frequency. As a consequence, the range of
applicability of hydrodynamics in the direction transverse to the applied
field is greatly extended. The hydrodynamic contribution to the transport
coefficients is expected to increase considerably. For a strong encugh field
it can even dominate the BGL contribution.

The transport properties of a plasma in a strong magnetic field have
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been studied by several authors.?~® Krommes and Oberman'® have
employed a mode coupling theory to evaluate the magnetic field depen-
dence of the transport coefficients of a one-component plasma in two
dimensions. Their results are in agreement with the two-dimensional com-
puter simulations of Okuda and Dawson.' In their calculation Krommes
and Oberman discard a priori a possible coupling mechanism involving the
finite-frequency modes of the system. These are modes where the part of the
dispersion relation that describes propagation does not vanish with the
characteristic wavevector of the mode. Such modes appear in Coulomb
systems due to both the long range of the potential and, in the case con-
sidered here, the presence of the external magnetic field. In two dimensions
the finite-frequency modes known as upper hybrid modes indeed play a less
important role in determining the transport properties than the purely dif-
fusive modes. In three dimensions they are, however, responsible for the
most important truly three-dimensional (i.e., size-independent) con-
tribution to the transverse transport coefficients, as shown below. Previous
studies of the three-dimensional case® have also neglcted the finite-fre-
quency upper hybrid modes. They have concentrated on a size-dependent,
effctively two-dimensional, effect. A more complete comparison with the
literature will be given in Section 7.

In the first part of the paper we discuss the magnetohydrodynamic
modes of a one-component plasma in three dimensions. They are an essen-
tial ingredient for our calculation. The hydrodynamic modes have been
derived using a formal projection operator technique."!”

In contrast with the neutral fluid case, the transport coefficients
appearing in the hydrodynamic dispersion relations of the OCP are finite-
frequency transport coefficients, as was pointed out by Baus.""®) This means
that the correct dispersion relations cannot be obtained from the
phenomenological magnetohydrodynamic equations with frequency-
independent transport coefficients. "

In Section 2 we derive the hydrodynamic equations using a projection
operator technique and obtain the Green—Kubo formula for the transport
coefficients.

The dispersion relation for the five hydrodynamic modes of the fluid
and for the mode of self-diffusion in the limit of strong magnetic field are
given and discussed in Sections 3 and 4, respectively. In Section 5 we
evaluate the two-mode coupling contributions to the coefficient of self-dif-
fusion, the coefficient of thermal conductivity, and the five kinematic
viscosities. For very strong field the two-mode coupling theory no longer
applies and the effect of higher order mode coupling effects needs to be
taken into account. This is done approximately in Section 6 through a
“self-consistent” mode coupling theory.
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The relationship of our work to previous studies and the experimental
relevance of our results are discussed in Section 7.

2. GENERALIZED HYDRODYNAMICS OF THE OCP IN AN
EXTERNAL MAGNETIC FIELD

We consider a system of N charged particles of mass m and charge e,
immersed in a uniform neutralizing background of opposite charge and
placed in an external uniform magnetic field B. The hydrodynamic
equations can be obtained from the Liouville equation by using a formal
projection operator technique.”"”’ This method has the advantage of being
formally exact—it is not restricted to small values of the plasma
parameter—and of providing us with the Green—Kubo formulas for the
transport coefficients. These expressions will be the starting point for
evaluating the hydrodynamic mode coupling contribution to the transport
coefficients.

The hydrodynamic equations for the system considered are equations
for the average mass, momentum, and energy densities, defined as the
ensemble averages of the microscopic mass density p(r), momentum den-
sity g(r), and energy density ¢(r).

It is convenient here to comsider the Fourier transforms of the
microscopic densities, defined as

akzjg dr[exp(—ik - t)1[a(r) — {a(r) e ] 2.1)

where @ denotes any of the densities, the brackets denote the average over
an equilibrium grand canonical ensemble, and Q2 is the volume of the
system. From translational invariance of the equilibrium averages we find

N
pu= ), mexp(—ik-r,)—Qpdy, (2.2a)
n=1
N
gi= ) mv,exp(—ik-r,) (2.2b)
n=1
N
ex= Y. g,exp(—ik-r,)—Qedy o (2.2¢)

=
—

where 6, o 1s a Kronecker delta, and p = {p(r) )., and &= {&(r) ), are the
average mass and energy density, with p =mn and » the number density.
Here r, and v, denote the position and velocity of the nth particle. The par-
ticles are assumed to interact through a pairwise additive central Coulomb
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potential V(r,,,)=e*/r,,., with r,.=|r,—r,]|; ¢, is the energy of the nth
pair, given by!!819)4

1 1 X1
g, == mo+= Z z v(k, k") exp(—ik'-r,,,) (2.3a)
2 2m=1 k’#0.
m#n
where
k'- (k' —k)
kKy=V, —————~ 2.
ok K) = Ve == (23b)

and V is the Fourier transform of the Coulomb potential, V, = 4re?/k>.
Instead of using the microscopic densities given in Eqs. (2.2), it is
covenient to introduce the following linear combinations:

4k =Px (2.4a)

a =é(k, b)-g, for j=2,34 (2.4b)
aT aT

as=T== Pk+— & (24c¢)
op |, Ot |,

where é/(ﬁ, b), for j=2, 3,4, are three mutually orthogonal unit vectors
given by

é,(k,by=hb (2.5a)
&k, b)=(1/k )[k—(b-k)k] (2.5b)
é,(k,by=(1/k )(bx k) (2.5¢)

with b=B/|B|, k> =k2 + k2, and k=k/|k|. In the following the b depen-
dence of the ¢, will not be indicated, unless necessary for clarity. In
Eq. (2.4c) T, represents the temperature fluctuation.

The time evolution of the microscopic densities is formally given by
the solution of the Liouville equation

0
aak( )= Lgay(1) (2.6)

where L is the Liouville operator for the system.

N
Ly=L+wg ) Ryv,) (2.7a)
n=1
“It is possible, starting with the Liouville operator for a two-component system, to show that

the effect of the uniform background can be incorporated by subtracting the k' =0 term in
the sum in Eq. (2.5¢c).
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Here L is the Liouvilie operator for the system in the absence of external
field, given elsewhere,??’ and

Ry(v,)=v,xb-d/dv, (2.7b)

with oz = e| B|/mc the cyclotron frequency. In the following the field B will
be chosen to point in the z direction, ie., b=2 An inner product between
phase functions is defined as

. 1
(a, b= lim = Lah ) (2.8a)
NG - £

NiQ=n
where we have used translation invariance of the equilibrium averages. The
set of five variables a,, are approximately mutually orthogonal,” but not
orthonormal,

(a1 arx) =mpS(k) (2.9a)
(@ 1> an) = pksT (2.9b)
(a5, _x» asx) = (kg T*/pC,) + O(K?) (2.9¢)

Here C,=(1/p)(0e/0T)|, is the specific heat at constant volume per unit
mass, S(k) is the static structure factor, related to the pair correlation
function A(k) and to the direct correlation function C(k) by®

S(k)=1+nk(k)=[1—C(k)] " (2.10)

For a system of neutral particles the small-k limit of S(k) defines the
isothermal compressibility y,=n"'(dn/dp)|;, with p the equilibrium
pressure, according to lim, _ o S(k)=yx/x%, where y%=f/n is the com-
pressibility of an ideal gas. For an electron gas S(k)~ &>} for small &,
where Ap = (4nne’f)~'? is the Debye length, and the isothermal com-
pressibility is defined by

AT
S(k)m (mg‘*’;) (211)

Here we conclude our introduction on notation and definitions and
proceed to discuss the equations of generalized hydrodynamics.

5 Neglecting terms of O(k?) in the normalization of the densities does not affect our results.
This is because the mode coupling contributions to the transport coefficients that are most
important in the limit of strong field only involve the kinetic part of the a, . For these kinetic
parts the orthogonality condition is exact to all orders in &.

$ For a review of the static properties of the OCP see Baus and Hansen.?)



Electron Transport in a Strong Magnetic Field 685

The hydrodynamic equations have been obtained by using a standard
projection operator technique. The derivation is analogous to that of the
equations for the neutral fluid case."” The details are not given here. Our
explicit calculations are restricted to a low-density OCP, where the coef-
ficients of bulk viscosity vanish.®" For this reason we neglect the bulk
viscosities in our derivation. The average densities {a;,(f)) are defined as
averages of the a;,(¢) over the initial (nonequilibrium) ensemble of the
system. The resulting equations for the Laplace-transformed average den-
sities, defined as

{a;x(2)> =J:C dte™Ca;\ (1)) (2.12)

for Re z>0, are given by

i [20,+ wy B, + kQ (k) + KUk, 2)]<a, (a) >

j=1

= au(1=0)) (2.13)
The only nonvanishing elements of the constant matrix B are
By=—B,=1 (2.14)

The matrices ©,; and U, are more conveniently expressed in terms of
the microscopic mass current ji, momentum current j£,,, and energy
current j¢, whose definition has been given elsewhere.'*?22® The fluxes
associated with g, are linear combinations of these and are defined by

=it (2.15a)
Ji=EpK) j2p for i=2,3,4 (2.15b)
1/ T
S = e — pC, —| je 215
Ji pCU\Jk p ‘T SJk> (2.15¢)
where
oT aT h
pCv; =——=
ple Pxr P

with h=¢+ p the enthalpy per unit volume and « = —n~'(dn/oT)|, the
coefficient of thermal expansion. The frequency matrix Q 7 can be written as

Quk)=(a, s, k-T)a; . a;,)"" (2.16)
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and it has the property
Qij(k)(aj,—kr aj,k) = —Qﬁ(k)(a,ﬁk, ai,k) (2.17)

The transport matrix is given by

~ A ) 1 .
Uk ) =Rk (o —— T ) (@ van) T 18)
z—
and vanishes for i=1 or j=1. Here L, is 2 modified or projected Liouville
operator defined elsewhere"*) and I are the projected currents,®® given by

I, =é5k) 12, for i=2,3,4, with

(y — 1) pC,

oy

L =Jipx—0up {[mﬁS(k)]"l Px— Tk“Pgék,o} (2.19a)

and
Ly=jo—(Wp*C,) jox (2.19b)

To make connection with the usual transport coefficients, U, can be
expressed in terms of generalized transport tensors that satisfy certain sym-
metry properties (Onsager’s relations). The general expressions are not
given here.

The usual hydrodynamic equations describe the time evolution of the
average densities for small values of & and of the frequency w=iz.
Similarly, here we replace the transport matrix U; with its £ — 0 limit. In
contrast with neutral fluids, we need to keep the frequency dependence of
the transport coefficients because we expect that some of the hydrodynamic
modes of the OCP will be finite-frequency modes, ie., modes whose
propagating part does not vanish with k. This point is not merely a
technical detail, because the density and, in our case, magnetic field depen-
dence of the finite-frequency transport coefficients can be qualitatively dif-
ferent from that of their zero-frequency form. A precise definition of the
length and time scales relevant to the problem considered here will be given
below. The five magnetohydrodynamic equations are explicitly given by

z{Ay(2) > + tk.nar(2) ) + ik (185 (2) ) = (mc) (2.20a)

[z-}—g vo(z)k?+ Vz(Z)ki} NZE D, _ik:iT T2
px
+%<“—’§+ 1 )<ﬁk(z)>~v4(z)ksz<a4,k(z>>

K7 pypr

e =3 kb iy = o> 2200
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ek [ nia) 18] @t +ie 2 (e

ik, (w2 1 . .
B (T ) o)) + [op = (eI — (T Cnie))
+ [Vz(z) _'32‘ Vo(z):l kb ap(z)) =<as> (2.20c)

Lz +va(2) k2 +v,(2)k2 14w (2) ) + val2) k. ke {5\ (2))
—[wp—va(2)k —v3(2)k7 1<a54(2) > = {ayn) (2.20d)

y—

~ 1
[z+ D(2)kZ+ DI(2)kT KK Ti(2) > + ik. (ayilz))

Lk, T a2y =<1 (2.20¢)

where use has been made of Eq. (2.14) for the small-k form of the static
structure factor. The five kinematic viscosities in Eqs. (2.44) are given by
the following Green—Kubo formulas:

3 o r
ol B)=Z§ [Pare=iim ue o @)
y(2;B) = f dte*’Jhm (I, (1) 12,,) (2.21b)
B)=EJOC die=* [ Tim (12, (1), I%.,) (2.21¢)
0o K50 xz,—k s Lok .

Bro
ol By =2 | Care [ lim (72, (1), 15,0)
= = j die™ | lim (3,,(0), I%,) (221d)
va(z; B) = j dre 'jhm e, (1), 12,

- “;L dre= | lim (Zg4(0), 12 (2.21¢)
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The two coefficients of thermal diffusion are given by

1
DI =], e im0 ) 22%)
1
D) =~y sz drd=* Jim (55, y(0), £4) (2.22b)
B

The viscosities v5 and v, are not true transport coefficients, because they
are nonzero even in the absence of collisions. Therefore, they do not
represent dissipation, but originate from the presence of the magnetic
field. "'

3. HYDRODYNAMIC MODES

In this section we discuss the solution of the set of
magnetohydrodynamic equations (2.20). It is convenient to rewrite them in
matrix form as

(20, + Lk, 2)1<axl2) ) = a,u) (3.1)

where summation over repeated indices is used. The explicit form of % is
obtained by comparing Egs. (3.1) and (2.20). Its frequency dependence is
due to the frequency dependence of the transport coefficients.

We express the solution of the set of equations (3.1) in terms of the
eigenvalues and eigenfunctions of the matrix .%,. The right eigenvalue
problem is defined by

Lk, —z,)107(K) > =2z,105(k) > (3.2a)

where z, and 6% are the eigenvalues and right eigenfunctions of %, respec-
tively. Here and below g, v,... label the hydrodynamic modes. Since % is
not self-adjoint, one also needs to solve the corresponding left cigenvalue

problem, with eigenfunctions 0%, defined by

0Lk Z(k, —z,)=<O,(k)|z, (3.2b)

Right and left eigenfunctions are normalized according to

2 OLk)O%(k)> =0, (3.2¢c)
j=1
We are interested here in determining the long-time behavior of the average
densities {a;,(1)>. To do this we investigate the behavior of %k, z)
around Rez=0 for small values of k. We look for those poles of the
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inverse of the operator on the right-hand side of Eq. (3.1} that are in the
half-planc Rez<0 closest to the imaginary axis. These are the
hydrodynamic poles or modes and they determine the leng-time behavior
of a;,(1)> if Z,(k, z) is a regular function of z around Re z=0.” They are
also defined as those roots of the determinant of the hydrodynamic matrix

det| —z,8,+ %k, —z,)| =0 (3.2d)

whose real part vanishes as k£ — 0.

The nonlinear eigenvalue problem defined in Egs. (3.2) can be solved
perturbatively, treating & as a small parameter. In the hydrodynamic
regime one is interested in phenomena that occur over wavelengths large
compared to the mean free path / between particle collisions. This defines
the characteristic length scale of the problem and identifies &/ as the dimen-
sionless small parameter.

For a weakly interacting electron gas in the absence of external fields
the mean free path is [=uvy/v,, where v, = (mf) "* is the thermal velocity
and v, the collision frequency associated with the linearized Landau
operator, v, = w,é,In(e, '), with ¢, the plasma parameter, ¢, = (4nnid) ',
and w, the plasma frequency, @, = vy/Ap. Equations (3.2), with B=0, can
be solved perturbatively and it can be shown that eigenvalues and eigen-
functions have well-defined expansions as power series in k/. The resulting
hydrodynamic description applies for k < /7.

The presence of the external magnetic field introduces several com-
plications. The field introduces anisotropy in the problem and we expect
that the properties in the direction of the field will be different from those
in the plane orthogonal to the field. The single-particle dynamics along the
field is unaffected by the field itself. In this direction the man free path [ is
the same as when B=0 and hydroynamics is a good picture only if
collisions are frequent.

In the plane orthogonal to B the particles are forced to gyrate in Lar-
mor orbits of radius r; =vy/wy around the field lines when collisions are
absent. The field prevents free streaming, just as collisions do in the zero-
field situation. The mean distance traveled between collisions in the plane is
of the order of the Larmor radius r; . Since r;//=v /wg, a strong field
(defined by v./wgz < 1) can reduce the mean free path in the transverse
direction. This considerably extends the range of applicability of
hydrodynamics in the xp plane. These qualitative considerations suggest
that the appropriate small parameters to introduce when solving Egs. (3.2)

" The effect of the singularities and branch points of Z(k, z) is discussed, for example, in
Ref. 17. They do not contribute to the leading long-time behavior of <ap ).

822/46/3-4-17
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perturbatively are k./ and k, r_. This statement is made more precise as
follows. When solving Egs. (3.2) we assume that each eigenvalue

z,=z,(k. /K, k. [kS,) (3.3)

o

admits a well-defined expansion in powers of k. /k?, and k& /k%,. The
appropriate scaling parameters k2, and k9, can be different for different
modes. They are the maximum values of k, and k, up to which each
approximate dispersion relation can be consistently used. They will be
referred to as the “cutoffs” of the hydrodynamic modes. The cutoffs
suggested by our previous physical considerations provide an upper Limit
to the value of the cutoffs for each mode.

In Appendix A the results for the five hydrodynamic eigenvalues up to
order k* and the right and left eigenfunctions to lowest nonvanishing order
in k are given. Here we will give only the eigenvalues in the limit w,/wz < 1.
This is the regime of interest when evaluating the mode coupling correc-
tions to the transport coefficients. .

There are five modes: four propagating finite-frequency modes and one
purely diffusive mode. They are as follows:

1. Two high-frequency modes, known in the Viasov limit as the first
Bernstein modes, or the upper hybrid modes. The dispersion relation is
given for w,/wyz <1 by

1 w? - y k3
k)=1i 1+-—L2k%+ -+
Zrolb) = 1000 < 205 2pxr w23>

1 ” 2
+ k2 (iow) <1 +5 K %) +k2v (iowz)+ O(k%) (3.4a)
B

with ¢ = +1. When B =0, these modes reduce to the plasma modes.

2. Two finite-frequency modes, known in the Vlasov limit as the
propagating plasma modes, with frequency, for w,/wz <1,

_ y k¥ 1., w2 3y k%
z, k = k_ 1 ——___k2 _L _ —_
wotk) =00, | ~|< +2PXTCU§ 27" w) dpyr of

2
R AW
+k§v{1(iawp|k:|)<l + k3 w—”

2
B

) +k2v' (oo, |k.])+ O(k*)  (3.4b)

When B =0, these reduce to the shear modes.

3. One diffusive heat mode, with dispersion relation

2y(k)=DTk?+ DTk + O(k*) (3.4c)



Electron Transport in a Strong Magnetic Field 691

Here k, =k, /k and k.=k_/k. In Egs. (3.4a) and (3.4b) terms of O(w}/w3)
have been neglected.

The viscosities v, v, v}, and v/, are linear combinations of the five
kinematic viscosities v; for j=0, 1,.., 4 given in Egs. (2.2). They are defined
as follows:

v (iowg) = vylicw ) — iov,(icw ) (3.5a)
1 .
v, (lowg)=v,(icwg)+ 3 voliow z) — iovs{icw z) (3.5b)
and
7o 7 2 . I
vH(loa)p|kZ|):§ voliow, |k.]) (3.6a)

" 1. A . W, =~ , °
vl(iaa)p|kz|)=§ vyliow, |k |)+ za-{;ﬁ k.| viliow, |k.|) (3.6b)
B

As expected, they are finite-frequency complex transport coefficients. The
thermal conductivities D/} and DT are the familiar zero-frequency transport
coefficients, defined by Eqgs. (2.22) with z=0.

The viscosities and heat conductivities are evaluated in Appendix B to
lowest order in the plasma parameter. The time evolution of the currents in
this limit can be approximately described by the Landau kinetic equation.
One finds that v, v|, and D are O(w%); Rev,, Rev', and DT are
O(wz?); and Im v, as well as Im v/, are O(wg!). The right and left eigen-
functions associated with the five modes are given in Appendix A. To
leading order in w,/w,, the upper hybrid modes represent velocity fluc-
tuations in the xy plane, while the propagating plasma modes are
associated with density fluctuations and fluctuations of velocity in the z
direction. The heat mode represents temperature and density fluctuations.

To complete the discussion of the hydrodynamic modes, we need to
estimate their cutoffs. To estimate properly the cutoffs for the heat mode
and the propagating plasma modes it is sufficient to evaluate the
corresponding dispersion relations up to order k£* and identify the cutoffs
on the basis of their definition above. One finds k2, =k2 ~/~' and
kS g~r. ', but kS, ~ 1. For the upper hybrid modes the situation is more
complicated. In replacing the transport matrix in Eq. (2.18) with its k =0
limit we neglected the free streaming part of the propagator (of order kvg)
compared to the collision part (of order v, for small ¢,) and to the
magnetic field part, of order w ;. When evaluating the transport coefficients
relevant to the upper hybrid modes (to be evaluated at the frequency
z=10wyg) a resonance or cancellation may occur in the propagator between
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the frequency and the magnetic field part of the Liouville operator. This is
seen, for example, in Appendix B in evaluating the transport coefficients for
small ¢,. As a consequence, the k dependence of the transport coefficients
can only be safely neglected for kv, < v,. To verify if the upper hybrid mode
could be extended up to k, ~r[ ! we evaluated the dispersion relation for
the upper hybrid mode in a simplified model (k,=0) by keeping the &
dependence of the transport coefficients. We find that the mode in question
can indeed be extended up to kY,~rp'. Furthermore, its dispersion
relation is well represented by Eq. (3.4a) up to such a value of &k, . The
longitudinal cutoff is again k%, ~/~".

4. SELF-DIFFUSION

To complete the discussion of the transport properties of an electron
gas in an external magnetic field, we consider the process of self-diffusion.
This is the simplest of all transport phenomena in a fluid. The relevant
microscopic density is the probability density X, of a tagged particle in the
fluid (denoted here as particle 1), given by

Ce=exp(—ik-r;)—dy0 4.1)

whose time evolution is again governed by the Liouville operator L.
Proceeding as in Section 2, an equation for the Laplace transform of the
average density {Cy(z)) is obtained, in the form

[z+k, ks 2,40k, z;B)1(Cy(z)y = (Cy> (4.2)

where again initial correction terms have been neglected and %, is a
generalized self-diffusion tensor, given by

58 1 §8
@a[f(k, z;B)= <]a K :II}’JM) {4.3)

with j3, =v,,exp(—ik-r;) the tagged particle current. The long-time
behavior of (C,(¢)) is again determined by the hydrodynamic poles of the
inverse of the operator on the left-handside of Eq. (4.2). These are found by
solving, for small &, the eigenvalue problem

ko kp P G(—z,;B)ONK) > =z,107(k)) (4.4)
together with the corresponding left eigenvalue problem, where

29)(z; B) = lim Z,5(k, z;B)= D ()35 + [D)(z) — D 1(2)] bby,  (4.5a)
k-0
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with

D)= dte "o 1) vy deq (4:5b)
D ()= dte ™ Co, (D010 (4.5¢)

There is only one purely diffusive mode, the mode of self-diffusion, with
eigenvalue

z,(k)=D,k*+ D k% + O(k*) (4.6a)
and right and left eigenfunctions
OR(k)=0%(k)=1+ O(k) (4.6b)

In Eq. (4.6a), D, and D, are the coefficients of self-diffusion along the field
and in the plane orthogonal to the field, respectively, defined by Eq. (4.5)
with z =0. They can be evaluated to lowest order in the plasma parameter
as described in Appendix B. For v /wg < 1, one obtains

~ O(w5) (4.7a)

D=

1
D‘f)=3 Fiv.~O(wg?) (4.7b)

The cutoffs for the mode of self-diffusion are k% ~ /"' and kS ~r{".

5. HYDRODYNAMIC MODE COUPLING CONTRIBUTION
TO THE TRANSPORT COEFFICIENTS

The Green-Kubo expressions for the transport coefficients are given
by Egs. (2.21), (2.22), and (4.5). The objective of this section is to evaluate
approximately these expressions in the region of strong (v /wz<1) and
very strong (w,/wz < 1) magnetic field.

Denoting any of the frequency-dependent transport coefficients by
A(z), one finds for the corresponding Green—Kubo formula the form

~

A(z):Jm dr e~ lim Ciy(k, 1 (5.1a)

(4]
with
Chpk, 1) = (I _\ (1), I}) (5-1b)



694 Marchetti, Kirkpatrick, and Dorfman

Here I, denotes the ath Cartesian component (for the viscosities the flux
is a second order tensor) of the prolected flux associated with A.

For very short times, i.e., <€ v}, the decay of this correlation function
is described by the solution to the hnearized Balescu—Guernsey—Lenard
equation. The corresponding contributions to the transport coefficients,
denoted by 1°(z), are evaluated in Appendix B, using the Landau kinetic
equation. The transport coefficients in the direction of the field are found to
be independent of the magnetic field, while those describing transport in
the plane orthogonal to the field behave as w; %

For longer times, > v, following Kadanoff and Swift,"* we argue
that the decay of the projected current correlation functions of Eq. (5.1b) is
governed by the long-lived collective excitations in the fluid known as
hydrodynamic modes. One then introduces a representation of the time
evaluation operator in Eq. (5.1b) on the basis of successively higher
products of densities a,,, whose time decay is assumed to be governed by
the hydrodynamic equations. To lowest nonvanishing order one obtains

k l)_ 25: Z < ka,,q quk>eq

/_1 q <a1—rq 1q>eq

) @D T
<aj,q — kaj.k —q >eq

(5.2)

where we have used translational invariance of the equilibrium averages.
Equation (5.2) is known as the two (hydrodynamic)-mode coupling
approximation for the long-time behavior of Cj,(¢). A microscopic
derivation of Eq. (5.2) has been given for neutral fluids of low density by
using a systematic kinetic theory.® Recently Marchetti and Kirkpatrick **
used analogous techniques to establish the same results for charged fluids
in the absence of external fields. It is convenient to rewrite Eq. (5.2) in
terms of hydrodynamic modes, defined as those linear combinations of the
microscopic densities whose time decay is governed by a single exponential
with relaxation time [z,(k)]™", with g, v,.. = ho, vo, H. The hydrodynamic
modes are

5
Al0)= Y, 05(K) a0 (53a)
with
Ap(t)={exp[ —z,(k)11} A {5.3b)

¥ The effect of the singularities and branch points of %(k, z) is discussed, for example, in
Ref. 15. They do not contribute to the leading long-time behavior of <{a, ().
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Using the orthogonality properties of right and left eigenfunctions, one
easily inverts Eq. (5.3a). Substituting the result into Eq. (5.2), we obtain

Ciy(k, t):% Y —Z exp{ (Q)+z,(k—q)]¢}
,u,v:ha,vaH
x 8357(q, k—q) S5p(g, k—q) (5.4a)
with
Su( k—q)=(A7_ A% . T) (5.4b)
and
Stpd k—q) = (A, g4,k g 15 1) (5.4¢)

where we have introduced the adjoint hydrodynamic modes 4, defined as

Ay 4= Z 0 (—(;—7—) (5.4d)

j=1 A R A |

The quantities S7*" and S%; will be referred to as the mode coupling
amplitudes. In the following we will need the explicit expression of the
modes to leading order in w,/wp. This is easily obtained from Appendix A.
or the upper hybrid modes one has

1 A n .
Aha,qZﬁ[—Jes(Q)'gq—l%( q)- gq]+0< >+0( ) (5.5a)
B
e LB
ha,fq__\/—zz[*ge:'b( q) g (+i€(—G)g q]+0 iy 1+ 0(g)
(5.5b)
for the propagating plasma modes one has
1 <w lg.| x g > <w>
Ape=—rLn,+0"~g, +——T, |+0 (-2 5.6a
2\ e . T ppra, wg (o)
1 ﬁ( lq:| g > <w>
AL = W g+o—g. . ——T_,|+0|-2% 5.6b
e \/-2—.0 4 q: g’ qXTO‘)p a Wg ( )
and for the heat mode one has
—1
Apq= —ya ne+0(q) (5.72)
C
Afa=5 T+ 0lg) (5.7b)
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The transport coefficients A(z) can be written as
AMz) = A"™8(z) + dA(z) (5.8a)

where 18(z) is the contribution to A(z) from the short- and intermediate-
time regions, approximated here with 1°(z), and §A(z) is the contribution
from the coupling of two hydrodynamic modes, given by

1 1l .. SE*(q,k—q)S¥(g, k—
bi)=5 L Y lim = (g, k—q) S5, k—q)

Q% k-0  z+z,lq)+z,(k—q)

v =hoyvo,H q

(5.8b)

Similarly, the coefficients of self-diffusion D, and D can be written as
Dyjy=DiE,+ 0Dy, (5.9a)

where the hydrodynamic mode coupling contribution 6D, is given by

I« {01z 4,qC YealAT 4 CqViz)
oD — o 1 q7¢9 “—q 79q x)/ eq (59b)
1) uzl%vo’,h’gg Zs(‘l)+Z,L(Q)

where the z(x) component of v, refers to 6D (6D, ). In Eq. (5.9b) the limits
k — 0 and z — 0 have been taken.

In the remainder of this section we evaluate the two mode coupling
contribution to the transport coefficients. Since the magnetic field increases
the range of validity of hydrodynamics in the xy plane, we expect the two
mode coupling contribution to the transverse transport coefficients to be
important and, for strong enough fields, to dominate the bare or regular
part. We are mainly interested here in the magnetic field dependence of the
transport coefficients for strong fields. Consequently, we will neglect all
mode coupling contributions that have the same magnetic field dependence
as the corresponding regular parts and that simply represent higher order
&, corrections to A",

The evaluation of the mode coupling contribution will be exemplified
for D,. Only the results will be given for all the other transport coef-
ficients, since the calculation is analogous to that of 6D, . The relevant
mode coupling amplitudes can be obtained from the results given in
Ref. 21.

The amplitude for the coupling of the mode of self-diffusion with a
heat mode vanishes. There are therefore only two mode coupling con-
tributions to D, i.e, 6Dy ,=0D{t  +6D{) ), where oi,, and J3
arise from the coupling of the mode of self-diffusion with the upper hybrid
modes and the propagating plasma modes, respectively. In general, the
contribution to 8 from the coupling of modes u and v will be denoted by
A,
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The amplitudes are easily evaluated, with the result

1 w,\’
<leAha',qC7q >eq<A}j;)-,~q CqU1x>eq =—+0 (w_p> (5103)
B

2pf
and
1 wq? w,\*
{0y A v,,q>eq<Amchv1x>eq=wé;+0(w—;) (5.10b)

The corresponding mode coupling contributions are

1 ' dg 1
SD% = 511a
25,2 ) G (G11a)
1 »? codq g 1
5D"'h— hat ) 2y 5.11b
T 2B w3 5 J(271)3 4> z,(q) + 2,,(q) ( )

where the bulk limit has been taken. The prime in Eqs. (5.11) denotes the
cutoff in the q integration. The cutoffs for ¢, and ¢, have to be chosen as
the smallest among the cutoffs of the two hydrodynamic modes involved in
the integral. The transport coefficients in the dispersion reltion on the right-
hand side of Egs. (5.11) are identified with their regular or bare part, 2™,
approximated here with the Landau value, A°. Noth modes in Eq. (5.11a)
have cutoffs g%~ /"' and ¢°% ~ r!. Therefore we truncate the integration at
g% =(v./DY)"* and ¢%, =ri*. Equation (5.11b) yields

1 v, [(v.\Y?*(D° Re v (iowp)
SD% — ¢ < 1 L B
B pﬁerB<Dﬂ> {2&[ T }
1 Re v} (iowp) w,\’
*5[”—‘——‘03 }}“LO(ZJ,;) (5.12a)

Substituting the values of the bare transpot coefficients given in Eqgs. (4.7)
and (B.3), we find

sh 2
O .66, e (5.12b)
DY Wp Wy

or D ~ O(w%). We will discuss this result below.

The cutoffs for the mode coupling integral for D% have to be iden-
tified with those of the propagating plasma modes, for which
q° ~ g5, ~ 17" 1t follows that §D% ~ O(s wz/cu 2)- This represents a small
plasma parameter correction to the bare dlffusmn coefficient DY, and is
therefore neglected.
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The relevant amplitudes for the longitudinal diffusion coefficient D,
are

1 w,\?
<Ulev0'q ——q>eq<Ava quUlz>eq=_2‘;—ﬁ—+<'(D_;) (5138)

+ 1 @, ! w, ¢
<U12Aha,qc—q>eq<Aha,—qqulz>eq:2pﬁ ZU_ +0 CL)_ (513b)
B B

and the corresponding mode coupling contributions are

w_ L ' dq 1 Y
=555, %, G sraemi 0D (5.142)

w

\ 1 o\ ' dq 1 N a)_;f
oD =20% (w) GZJ @) @)+ 2@ 0<8 wz) (5.140)

Since D} ~ O(e, ' %), the above mode coupling contributions are either
small-g, corrections to DY, or corrections in w,/w . The relevant viscosities
are the linear combinations appearing in the hydrodynamic modes, defined
in Egs. (3.5) and (3.6).

The only “interesting” mode coupling contribution to the viscosities
for the upper hybrid modes is

r d
Y f( 4 [ (1+o’o")+%(a’+a")

1
S hoha(; —-
vich(iow p) 28,2 27)?

1
+__ 1 _ I 1"
AR )] 1005+ 25 (@) + 20 (0)

1 J/ dq [1 1
" 208 (2n)’Lqicws+2Rez, (q)

¢ T (143 o) (5.152)

005+ 22,,(q)

All the other mode coupling contributions to both v, and v, do not lead to
any new magnetic field dependence. The right-hand side of Eq. (5.15a) is
easily evaluated, with the result

P 19 /vA\Y[v. 1
Re ovie*(igw 5) :m v—(l)l 3 2 2 Re Vo (iowp) (5.15b)

N2 19
Im &v'o" (ige ) = —#;zn (-:ﬁ) [31w3+r—2: Im v(i(iawB)} (5.15¢)
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where use has been made of the fact that v{ = v{(iow,) is real. Using Eqgs.
(3.5b) and (B.1), one then obtains

Re &v°" (iow ) v, w5

~0.56¢, — — 5.15d
Re v9 (icwy) t o} ( )
1 5 hoho(; ) 2
in—vio—_(@’;) ~ 0,768, ~< 22 (5.15¢)
Im Vi (icwg) w, o

We have then Re dvA" ~ O(w%) and Im 6v""* ~ O(w,). The mechanism
responsible for his anomalous contribution to the transverse viscosity is
analogous to that determining the mode coupling contribution to D .
There is no anomalous mode coupling contribution to v, (icw ), nor to the
viscosities for the propagating plasma modes.

Finally, we consider the coefficients of thermal conductivity D/ and
DT . Once more, the relevant role is played by the upper hybrid modes that
lead to the following anomalous mode coupling contribution to DT :

. 6p> :lz © dgq 1
oD =—11 pes .
: pﬁ[ *(au Ao e G

o= +1

For consistency we use the ideal gas values in Eq. (16a), (dp/du),=2/3.
Again, the cutoffs of upper hybrid and heat modes are of the same order.

We obtain
25 /v \"Y* (v, DT®
5DTh<7H: _L <11 ol | S
+ On’n <v?|> {6 |: + v(’,(iaa)g)}
1 .
+m [Re vL(zacuB)—i—DT]} (5.16b)
L
or
SNThoH 2
0D ou16s, 2o Vs (5.16¢)
DT w, W,

Again we have D7 ~ O(w).

We conclude this section with a few comments on the results obtained.
In contrast with the previous literature,”® % we find that it is always a
coupling mechanism involving the upper hybrid modes that gives rise to an
anomalous contribution, of O(w$), to the transport coefficients D, , D7,
and Re v, (iowyg). This is because the upper hybrid modes can be extended
to g, ~ri' =mpPwg, while the cutoff for the propagating plasma modes in
the xy plane is ~/~'. In the literature it was always assumed a priori that
high-frequence modes such as the hybrid modes are not responsible for an
enhancement of the transport coefficients®* via a mode coupling
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mechanism. There is, however, no reason for believing that the Kadanoff-
Swift arguments break down for finite-frequency modes that are
hydrodynamic in character, since their Lifetime diverges as & — 0. It has also
been shown elsewhere that a fluctuating hydrodynamics approach leads to
results that are identical to those given here.®

Physically the dominant role of the upper hybrid modes can be
understood as follows. For large field these modes are similar to shear
waves in neutral fluids, since, to leading order in w,/wp, they represent
velocity fluctuations in the xy plane. More precisely, they are associated
with vortices in the plane. Such vortices are excited over a wide range of
length scale, down to r;, and are very effective in enhancing the transport
properties.

Finally, we notice that for very strong fields, such that w,/wp~
[e2In(e,')]"? the right-hand side of Egs. (5.12b), (5.15d), and (5.15¢), and
(5.16¢) is of O(1), i.e., the mode coupling corrections become of the same
order as the bare transport coefficients. For larger magnetic fields the two-
mode-coupling approximation is no longer adequate and more complicated
mode coupling effects need to be taken into account. This will be done in
an approximate way in the next section by employing a “seli-consistent”
mode coupling theory.

6. SELF-CONSISTENT MODE COUPLING THEORY

An approximate way of taking into account the coupling of more than
two hydrodynamic modes is to replace all the transport coefficients appear-
ing on both the left- and the right-hand sides of the mode coupling
equations by their mode coupling values and solve simultaneously the
entire set of equations.!” It is important to note that when the two-mode
coupling theory becomes inadequate, our estimate of the hydrodynamic
cutoffs also breaks down. The latter were in fact evaluated using bare trans-
port coefficients. In the very strong-field regime of interest here the trans-
verse transport coefficients differ considerably from their bare value. Con-
sequently, in a self-consistent mode coupling theory the cutoffs must also
be expressed in terms of the mode coupling value of the transport coef-
ficients. Denoting by 64% the self-consistent mode coupling correction to
the transport coefficient A, with 1 =44 §4* in this regime, the set of mode
coupling equations is

oD¥~—Re

4n’pf
+[0DY +ovi(ios)1ql } (6.1a)

1 (ve/ DNV o (ve/ D)2 _
Lo dq . q. {iws+ (v + D)q2
0
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1 P ([ve/Re 87 (i05) 12

T Ancpf do Jo

L.
dq, q. {5 [16w3+2vﬂ q?

Sve(iow g)

+2 Re v*e(imy) ¢2 17

2 . _
+ ) <1+_0"> [i(o + 26" ) w5+ 200 g2 + 26v(ic'w ) ] ‘}

g = =1 3
(6.1b)
| 0P\ T oo porsnlea
T.sc 1 - R di d
oD" n2pﬂ|: +<6u>p:| CL Jo q, 4q
x Liog+ (v + DT g2 + [6v:(iwy) + 6D T¢) g% 17} (6.1¢c)

In Egs. (6.1) the longitudinal transport coefficients are still approximated
by their bare Landau values, since their mode coupling corrections are
much smaller than their bare values for the magnetic field used here. The
set of equations (6.1) is easily solved, with the result that &D%,
Re 0vii(iwz), and DT~ B!, More precisely, one finds

keT
8D ~ m‘; - el(e, Ing, )¥? (6.2a)
kyT ,
Re 6vSi(iwp) > o, —— £}/, In ¢ ,71)>? (6.2b)
mwpg
kyT
DTS ~ g, o, ey (e, Ing, 1)? (6.2¢)

where «,, «,, and o, are numerical constants, given by «, ~ 0.5; «, ~ 3.1,
and oy~ 1.5, For large enough magnetic field the self-consistent mode
coupling contribution dominates all other contribution and all the above
transverse coeflicients are observed to have a Bohm-like ~wj;' behavior.
An estimate of the value of B where the Bohm-like behavior dominates is
given by the value of B, where the bare hydrodynamic cutoffs have to be
replace with their mode coupling values, and is found to be
wyfwp~0.25(e2 In g 1)

A a result of the analysis presented here, the magnetic ficld dependence
of the transverse transport coefficients D,, D7, and Re v, (iw,), collec-
tively denoted by 4, can be described as follows:
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(a) A classical region, described by the BGL kinetic theory, where
A, ~B72 for

25(e2Ine )" P <o, /oy <y jog

(b) A plateau region, where the two hydrodynamic mode coupling
contribution to the transverse transport coefficients dominates
and 4, ~ B°,

(e2Ing, )] <, fwp <25 Ine )"

The mode coupling mechanism responsible for the enhancement
of 2, is always one that involves the finite-frequency upper
hybrid modes.

(c) A Bohm-like region, where a self-consistent mode coupling
theory is needed and A, ~ B~!, for

w,/0p<025(e2lne, )"

7. DISCUSSION

We have evaluated the hydrodynamic mode coupling contribution to
the transport coefficients of a three-dimensional OCP in an external
magnetic field. We have shown that the long-lived collective excitations of
the system are responsible for an enhancement of the transport rates in the
plane orthogonal to the field over their BGL values. The trunsverse coef-
ficients of self-diffusion D, , heat conductivity D’ , and kinemtic viscosity
Re v, (iwp) were found to behave as B~ in the strong-field regime. This
behavior is observed experimentally in a variety of systems. The relevant
mode coupling mechanism is always onc that involves the finite-frequency
upper hybrid modes. This mechanism was neglected in the previous
literature, where, as a consequence, no Bohm-like behavior was predicted
for the transport coefficients of an infinite three-dimensional electron
gas.3®

The details of the results obtained here have been summarized at the
end of the previous section. It is important to stress that the quantitative
predictions of the mode coupling theory are strongly dependent on the
values of the hydrodynamic cutoffs. We have obtained a reliable estimate of
the magnetic field and plasma parameter dependence of the cutoffs, but we
do not know their exact value. Consequently, the numerical coefficients in
Eqgs. (6.2) are not precisely known. The exact coefficients can in principle
be obtained by using kinetic theory. We stress, however, that the magnetic
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field dependence of the mode coupling contributions does not depend on
the introduction of cutoffs, nor on the small plasma approximation used in
their evaluation.

Several authors'*>”) have studied the problem of transport in plasmas
in a strong external magnetic field, with attention to the transverse coef-
ficient of self-diffusion D, . Krommes and Oberman‘® have employed a
self-consistent mode coupling theory to study the two-dimensional
problem. In two dimensions only the upper hybrid modes are propagating
modes. The two propagating plasma modes are replaced by a single dif-
fusive mode, usually referred to as the “convective cells mode.” Such a
mode can be extended to k, ~r'. The dominant mode coupling effect is
then due to the coupling of the convective cell mode with the mode of self-
diffusion and leads to three well-defined regions (~B~% B% B~') in the
mgnetic field dependence of D , . The contribution from the coupling of the
upper hybrid modes with the diffusive mode is negligible in this case for
small ¢, because it is of higher order in the plasma parameter. The results
of Ref 6 are in good agreement with the two-dimensional numerical
simulation of Okuda and Dawson.' In contrast, we find that in three-
dimensions (3d) the dominant effect is due to the upper hybrid modes.

The 3d problem has also been considered by Okuda and Dawson**’
and Montgomery et al.'® All these authors effectively reduced the problem
to a 2d one by considering the case where the size of the system in the
direction of the field L, is small. They evaluated a contribution to 8D,
denoted here by dD'"), due to the coupling of the propagation of plasma
waves with the diffusion modes that behaves as B™' for very strong fields,
but is size-dependent and vanishes in the thermodynamic limit (L, — o).
As discussed in Ref. 1, §D** evaluated here dominates 6D'Y only if
L.j)l> ¢, % This implies that our calculation is not relevant for laboratory
plasma, where ¢, is very small. Furthermore, in all 3D computer
experiments of Okuda and Dawson L. is only a few ean free paths and the
measured effect is indeed the finite-size contribution, as discussed by the
authors. We will return to the question of the observability of our result
below.

Recently Rose” has used a fluctuating hydrodynamic approach to
compute D, for 3d systems. He also finds that the contribution from
hydrodynamic fluctuations leads to a correction to the BGL value of D
that is independent of the magnetic field. He does not however discuss the
need for a self-consistent theory at stronger fields.

The anomalous high-B contribution to the transverse transport rates
evaluated here should be observable in a solid -state plasma, where the
density of electron carriers at room temperature can be ~6x 10" cm™?
and the plasma parameter can then be large enough for our bulk effect of
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dominate the finite-size one. Furthermore, the two effects have a different ¢,
dependence: their ratio is of order ¢, >. Consequently, it might be possible
to see the transition from essentially 2d to bulk 3d behavior by changing
the size or the parameters of the system. The 3d behavior should be obser-
vable for L.>10"?cm for a plasma at room temperature. Possible can-
didates include solid-state plasmas, but they are multicomponent systems
and can sustain hydrodynamic modes not present in the OCP. 1t is possible
that a new mode coupling mechanism may lead to an extra contribution to
the transverse transport coefficients. To answer this, one needs to consider
the mode coupling theory for two- or multicomponent systems.

APPENDIX A

In this Appendix we list eigenfunctions and eigenvalues of the
hydrodynamic matrix % for arbitrary values of the parameter o ,/w,. The
form of right and left elgenfunctlons for w,/wp <1 is also given.

The eigenvalues are the solutions of the determinant (3.2d). Eigen-
functions and eigenvalues are assumed to have a power series expansion in
i of the form

2, k) =20+ 2"+ 23+ O(k?) (A.1a)
and

ORA(K) = ORLCD 4 9RLO) 4 ORLD 4 O(k2) (A1b)

where z{” and 65" are of order k". Due to the singular small-k behavior
of the direct correlation function [responsible for the terms of O(k ') in
Egs. (2.20b) and (2.20c)], terms of O(k '} appear in the eigenvalues. There
are five modes: four finite-frequency modes (i.e., modes whose propagating
part does not vanish with k) and one diffusive mode. For the two upper
hybrid modes, labeled with ho, with o= +1, and the two propagating
plasma modes, labeled with vo, with ¢ = +1, we find z{("* =0, and

. 1271172
z;g>(k)=%wh[1+<1~4k2w ot > } (A2)

wj,

. 127172
zgg>(k):—’"—w,,[ (1—k2°" “’) J (A3)

w;

Here w), = (w2 + w%})"? is known as the upper hybrid frequency. The terms
of O(k?) are given in terms of the terms of O(k°) as follows:
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(2)k O) v k 1 a)% kz
TS TE +wi]{_pxr [ oy ]
2

+2w3<1+( oy k2> (v3.k% +v4#k2)}
1 Vo 4
e [ ()4
2w
z‘—‘)? v4#—2v2u>
M

2
—wg<1+ Dp %) (Vi k2 +v2#k2)} (Ada)

(0) 3z
(z,)

+ wﬁl:’,zk:j (vlu + 3vo, —

All the kinematic viscosities in Eq. (A.4a) are finite-frequency viscosities,
evaluated at z{), ie,,

©) (A.4b)

Vi = VAzZ,

JH
for j=0,1,..., 4
The left and right eigenvalues of the four modes above are, respec-
tively,

LK) = (R)( o [ kz(z‘“é)} E[H(Z%)_}L

wy o ik’ .
——B,_—l—[wkf&],]) (A5.2)

20 oy 7z Ok | (2
and )
ik | 2O/ (z0) + w2k?]
Aw;k;kL/[(zL“)%w;léz]
10R(k)> = C (k) 1 (A.5b)
wp/z?
Ly —1)ad ik, zQ/[(z0) + w2k?]

where C u(ﬁ) is a normalization constant, given by

P IR L

c ¢ ~
V2 OV 0l + 202 03k?

(A.5¢)

"

The left and right eigenfunctions are given here in the form of row and
column vectors, respectively. They are normalized according to

COz(k) 167 (k) Ded,, + O(k,) (A.6a)

822/46/3-4-18
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with
5
lalby=Y ab, (A.6b)
=1
There is a single diffusive heat mode with dispersion relation
zuy(k)=D[k?+DTk% + O(k*) {A.7a)

and left and right eigenfunctions given by

{65(k)| :<— %, 0,0,0, 1>+0(k) {A.7b)
and
0
0
[0%(k)>=§ 0 }+ O(k) (A.7c)
0
1

The only modification introduced in the heat mode by the presence of the
magnetic field is the anisotropy.

APPENDIX B

In this Appendix we list the transport coefficients appearing in
Eqgs. (3.4) in the limit of small plasma parameter, as obtained from the
Landau form of the Balescu—Guernsey—Lenard kinetic equation.

The Landau approximation for the zero-frequency transport coef-
ficients has been evaluated before.!'? It is, however, essential here to con-
sider the case of finite-frequency transport coefficients, since they have a
different magnetic field and plasma parameter dependence than their zero-
frequency form. The viscosities for the upper hybrid modes are

ic 1 2v,

Of; ~

vO(mwB)-_mﬂwBerﬁa)é 5\/; (B.1a)

o _ g 1 2y, B.ib

008 =5 By T Mo (B.10)
i 15

W(iow ) = — Vr (B.Ic)

T dmPwg + mpv,. 4



Electron Transport in a Strong Magnetic Field 707

ic  8v,
St bt a5
1 io_S\/n (B.1¢)

4mﬁw3+m,3v(. 4
5™
W \2[ (B.2a)
7v, Sio

mpws, 15f 6mpw g
In all of the above the leading nonvanishing terms in ,/w, have been
kept. The viscosities for the propagating plasma modes are
1/ 2v,
it
~ 1 v

vi(iow,|k.|)

(B.1d)

Vi(iow ) ~

4(10'(1)3)

v (iowg) ~ 2 Re vi(iow ) ~

(B.2b)

VO (iow ) ~

—1
vi(igw, k)= —iow, |k, ) (B.3a)

- mpoi 10 /n  dmpos
1 2v, lawPIIEZI

(B.3b)

vi(iow,|k.|) ~ mﬁa)35\/_ s (B.3c)
v(iow,k.|) = S (B.3d)
B
. 1
vg(iawpikzl):mﬁw (B.3¢)
B

Equation (B.3a) is exact as a function of wg. The imaginary parts of v; and
v, are neglected because they are of order (w,/wy)’. For completeness, the
two coefficients of thermal conductivity are

1 10/=m
DI ~ )
f mpr. 3 (B.4a)
1 Sv,
DM~ ¢ B.
- mpwy 6. /n (B4b)

The coefficients of self-diffusion have been given in Eqs. (4.6).
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